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Abstract
We derive the coherent state representation of the integrable spin chain Hamil-
tonian with non-compact supersymmetry group G =SU(1, 1|1). By passing to the
continuous limit, we find a spin chain sigma model describing a string moving on
the supercoset G/H, H being the stabilizer group. The action is written in a man-
ifestly G-invariant form in terms of the Cartan forms and the string coordinates in
the supercoset.
The spin chain sigma model is shown to agree with that following from the
Green-Schwarz action describing two-charged string spinning on AdS5 × S5.
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1 Introduction
The AdS/CFT correspondence [1, 2, 3] between strings on anti-de Sitter (AdS) spaces
and boundary gauge theories is now of common use. The typical example relates string
theory on AdS5 × S5 to N = 4 supersymmetric Yang-Mills (SYM). String states in the
bulk are in correspondence to gauge invariant operators in the boundary and likewise
correlation functions in the two theories are related by a well established holographic
dictionary. There are several tests of the correspondence at the supergravity level (see [4]
for a review and a complete list of references), but few ones beyond this limit. Waiting
for a better understanding of the string physics on AdS one can explore particular limits
of the AdS geometry where physics simplifies itself. In [5, 6, 7, 8] the spectrum of strings
on AdS and SYM operators was shown to agree at the higher symmetry enhancement
point. In [9], the authors explore the holographic correspondence in the neighborhood of
null geodesics of AdS5 × S5, where the geometry looks like a pp-wave [10]. String theory
on pp-wave geometries is known to be solvable [11, 12]. On the gauge theory side this
limit corresponds to focusing on SYM operators with large R-symmetry charge J .
In a similar spirit, fluctuations around semiclassical spinning strings were studied
in [13]-[22]. Once again, energies of classical string solutions were shown to match the
anomalous dimensions of SYM operators with large charges. On the gauge theory side,
the planar one-loop anomalous dimensions in N = 4 SYM are governed by integrable
spin chain Hamiltonians [23, 24, 25]. Non planar corrections were computed in [26] -
[28] in terms of a joining-splitting spin chain operator mimicking string interactions. An
alternative approach to the description of non planar corrections can be found in [29].
Moreover, the analysis of [27] -[28] was extended in [30] to the two loop level of SYM
perturbation theory, by considering the SYM anomalous dimension/mixing matrix to
two loops and applying to it the map to the spin bit system. In the large N limit, the
corresponding SU(2) spin bit model was shown to be reduced to the two loop planar
integrable spin chain [30].
In the continuous (BMN) limit, i.e. for SYM operators with large J , the spin chain
can be identified with the worldsheet of a closed string with spin chain excitations de-
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scribing the string profile in the symmetry group taken as a target space. The spin chain
Hamiltonian describes the dynamics of this string. As for the BMN case, the perturba-
tive regime of SYM is accessible to this limit and accordingly the string and spin chain
sigma model actions should agree. This was shown to be the case in [31] -[35] for SO(6)
and its compact subgroups, in [36, 37, 38] for SL(2) and recently in [39] for the compact
supergroup SU(1|2). In all cases, semiclassical spinning string states were identified with
coherent states made out of spin chain eigenstates of the symmetry group (see [40] -[48]
for further developments in this subject).
The aim of this note is to extend this result to the simplest non-compact supergroup,
namely G =SU(1, 1|1). This sector corresponds to SYM operators made out of a single
scalar, a fermion and its derivatives along a fixed direction. It gives the minimal supersym-
metric extension of the SL(2) spin chain. On the string side they describe supersymmetric
excitations around a string spinning in both S5 and AdS5. We first derive the coherent
state representation of the spin chain Hamiltonian. SU(1, 1|1) is non-compact and its rep-
resentations are infinite dimensional. This makes the analysis of SU(1, 1|1) more involved
than for the SU(1|2) case and leads to a non-linear form for the Hamiltonian. Remark-
ably, like in the SL(2) bosonic case [36, 37], the infinite series of ”higher derivative” terms
can be summed into a simple Log dependence. By passing to the continuous limit, the
spin chain action reduces to a linear sigma model for a string moving on the supercoset
SU(1, 1|1)/SU(1|1)×U(1). The results in this limit (and only in this limit) are related to
those for SU(1|2) found in [39] via an analytic continuation. The spin chain sigma model
actions will be written in a manifestly G-invariant form in terms of the Cartan forms and
the string coordinates on the supercoset G/H .
The paper is organized as follows. In Section 2 we build the SU(1, 1|1) coherent state.
In Section 3 we evaluate the spin chain Hamiltonian in the coherent state basis. By passing
to the continuous limit and expanding in derivatives we find a linear sigma model on the
group manifold G/H . In Subsection 3.1 we rewrite the action in a manifest SU(1, 1|1)
form in terms of Cartan forms and the string coordinates in the supercoset. In Section 4
we show that the same sigma model arises by considering a superstring spinning fast on
S1φ × S1ϕ on AdS5 × S5. Finally in Section 5 we summarize our results. Appendices A,B
collect technical details and useful formulas.
2 The coherent state
In this section we derive a coherent state representation for the spin chain Hamiltonian
with symmetry group SU(1, 1|1). Coherent states are defined by the choice of a group
G and a state |S〉 in a representation R of the group. We denote by H the stabilizer
subgroup, i.e. the group of elements of G that leave invariant |S〉 up to a phase. The
coherent state is then defined by the action of a finite group element of g ∈ G/H on |S〉.
We will take |S〉 to be the physical vacuum |φ0〉 and denote by G the rank two
supergroup SU(1, 1|1). The generators for the algebra g are taken to be
TA = (P0, J0, P,K,Q, S, Q¯, S¯) .
Conventions and details about the algebra and its singleton representation are given in
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appendix A. The stabilizer subgroup H is generated by
H = {P0, J0, Q, S} = SU(1|1)×U(1)
The coherent state is defined by acting with an element g ∈ G/H on the physical vacuum
|~n〉 = g(~n) |φ0〉 = ezP−z¯K e−ξQ¯−ξ¯S¯ |φ0〉 z = ρ e2iφ (2.1)
and it is parameterized by two real parameters ρ and φ and one complex grassmanian ξ.
Using (A.2), coherent states can be expanded in the basis {|φm〉 , |λm〉} , with φ0 a
scalar field, λ0 a fermion, and m = 0, 1, 2, . . . labelling the number of derivatives. The
expansion coefficients are given by
|~n〉 =
∞∑
m=0
e2i mφ tanhmρ
coshρ
[
(1 + 1
2
ξξ¯) |φm〉 − ξ
coshρ
|λm〉
]
. (2.2)
The expansion is such that
〈~n |~n〉 = 1 ,
and the coherent states are over-complete
I =
2j + F
π
∫ pi
0
dφ
∫ ∞
0
sinh2ρ dρ
∫
dξdξ¯ |~n〉 〈~n| , (2.3)
with F = 0, 1 the supersymmetric grading of the state on which I acts. In the singleton
representation j = 0 , formula (2.3) is defined only in the limit j → 0 (see appendix A
and [37] for details).
Conversely, to each coherent state |~n〉 we can associate a point nA in the superspace
nA ≡ 〈~n| TA |~n〉 . (2.4)
Evaluating (2.4) (charges TA are displayed in (A.2)) one finds

nP0 =
1
2
(1− ξξ¯) cosh2ρ
nJ0 =
1
2
(1 + ξξ¯)
nP = nK =
1
2
e−i 2φ
(
1− ξξ¯) sinh2ρ
nQ = nS = e
−i 2φ ξ sinhρ
nQ¯ = nS¯ = ξ¯ coshρ
(2.5)
The resulting vector is null nAnA = 0 with respect to the Killing metric gAB defined by
1
nAm
A = gABnAmB =
1
2
nP0 mP0− 12 nJ0 mJ0− 12 nP mK− 12 nQmS− 12 nQ¯mS¯+h.c. (2.6)
with gAB denoting the inverse of gAB.
1More precisely gAB =
∑
C,D (−1)FD fACD fBDC with FC = 0, 1 depending whether the generator C
is even or odd with respect to the supersymmetric grading. The inverse of the Killing metric also defines
the Casimir as Cˆ2 ≡ gAB TATB (see (A.4)).
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3 Hamiltonian in the coherent state basis
Here we compute the average of the spin chain Hamiltonian over a coherent spin chain
configuration
|n〉 = |~n1〉 ⊗ |~n2〉 . . . |~nJ〉 (3.1)
with |~nk〉 denoting the coherent state describing the spin chain excitation at site k and
time t.
The spin chain action is given in terms of the spin chain Hamiltonian H by [37]
S = −
∫
dt
(
i 〈n| ∂t |n〉 + λˆ 〈n|H |n〉
)
. (3.2)
The first (Wess-Zumino) term can be easily evaluated by taking the derivative of (2.2)
and then performing the infinite sum. It has the simple form
i 〈n| ∂t|n〉 =
∑
k
[−Ct + i2(ξ¯ Dtξ + ξ D¯tξ¯)]k (3.3)
Dt ≡ ∂t + iCt , Ct ≡ 2 sinh2ρ ∂tφ . (3.4)
Evaluating the second term requires more work. The first task is to rewrite the SU(1, 1|1)
two-site harmonic Hamiltonian [25] in our (φm, λm) basis. One finds
H =
J∑
k=1
Hk k+1
with
H12 |Ak, Bl〉 =
(
h(k + α) + h(l + β)
)
|Ak, Bl〉 −
(
β(1−α)
k+1
+ α(1−β)
l+1
)
|Bk, Al〉
−
k∑
i=1
(
1
i
− β
l+i+1
) |Ak−i, Bl+i〉 − k∑
i=1
α(1−β)
l+i+1
|Bk−i, Al+i〉
−
l∑
i=1
(
1
i
− α
k+i+1
) |Ak+i, Bl−i〉 − l∑
i=1
β(1−α)
k+i+1
|Bk+i, Al−i〉 ,
(3.5)
and
|A,B〉 ≡ |A〉 ⊗ |B〉 , α ≡ δA=λ, β ≡ δB=λ , h(m) =
m∑
i=1
1
i
.
The Hamiltonian (3.5) has a nice representation in the coherent state basis |~n〉. We first
compute the average of Hk k+1 over two-site coherent states |~nk~nk+1〉 ≡ |~nk〉⊗|~nk+1〉, then
we sum up over the spin chain sites k = 1, . . . J . The algebra is extremely long but the
result can be written in the remarkably simple form
〈n|H |n〉 =
J∑
k=1
〈~nk~nk+1| Hk k+1 |~nk~nk+1〉 =
J∑
k=1
log [1 + 2~nk.~nk+1]
=
J∑
k=1
log
[
1− (~nk − ~nk+1)2
]
. (3.6)
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As before, we use the Killing metric (2.6) to compute the scalar products in (3.6)2.
The coherent state representation (3.6) is the main result of this section. Note that
in terms of ~nk, it takes exactly the same form as for the sl(2) case, but now in terms of
the SU(1, 1|1) vector and the corresponding Killing metric.
In the continuous limit, (3.6) reduces to
〈n|H |n〉 = − 1
J
∫
dσ gAB ∂σnA ∂σnB
=
1
J
∫
dσ
(
D¯σ ξ¯Dσξ +
(
1 + ξ¯ξ
) [
(∂σρ)
2 + sinh22ρ (∂σφ)
2
]) (3.7)
and coincides with the Hamiltonian of a string moving on the supercoset manifold G/H .
Finally, plugging (3.3) and (3.7) into (3.2), one finds for the spin chain action the
result
S = −J
∫
dσdt
(
−Ct + i ξDtξ + λˆ
J2
(e2 + D¯σξ Dσξ + ξ ξ e
2)
)
, (3.8)
with
e2 = (∂σρ)
2 + sinh22ρ (∂σφ)
2 .
Da = ∂a + iCa Ca ≡ 2 sinh2ρ ∂aφ . (3.9)
In Section 4 we will find that the same sigma model describe strings spinning fast on
S1φ × S1ϕ inside AdS5 × S5.
3.1 Cartan forms
The result (3.8) can be written in a manifestly G-invariant form in terms of the Cartan
forms LA and the string coordinates nA in the supercoset G/H . This is the aim of this
subsection. Readers not interested in these details can skip this section.
The Cartan forms LA are defined by
dg g−1 = LA TA = L
A
a TA dσ
a , σ0,1 ≡ (t, σ) , (3.10)
with g given by (2.1). They parameterize the gradient dnA = ∂anA dσ
a of the string
position on the supercoset along its worldsheet coordinates σa. The explicit relation can
be determined as follows:
dnA = 〈0| dg−1 TA g |0〉+ 〈0| g−1 TA dg |0〉
= −LB 〈~n| {TB, TA] |~n〉
= −LB fBAC nC , (3.11)
with {] denoting commutators or anticommutators according to spin of the generator.
The first term in (3.2) can also be written in terms of LA and nA
〈~n| ∂t|~n〉 = 〈~n| ∂tg g−1|~n〉 = LAt nA. (3.12)
2Notice that the scalar product here is not positively defined since the group is non-compact.
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Plugging (3.11,3.12) in (3.2) one can finally rewrite the spin chain action in a manifestly
G-invariant form
S = −J
∫
d2σ
[
iLAt nA −
λˆ
J2
(LBσ fBA
C nC)
2
]
. (3.13)
This formula is the main result of this section and it is valid for any spin chain with
Hamiltonian given by the first line in (3.7) !
In the present case one finds

LQ = LS = e2iφ sinhρ dξ
LQ¯ = LS¯ = − coshρ dξ
LP = −LK = e2iφ [dρ+ sinh2ρ (i dφ− 1
4
dξ ξ + 1
4
ξ dξ
)]
LP0 = −4 i sinh2ρ dφ− 1
2
cosh2ρ (ξ dξ − dξ ξ)
LJ0 = 1
2
(dξ ξ − ξ dξ)
. (3.14)
and the result (3.8) follows.
4 String action
Here we describe the string duals of the SU(1, 1|1) spin chain system. We follow the
strategy sketched in [39] for superstrings spinning on a sphere. The results will be related
to that case via analytic continuation to AdS.
To second order in the fermionic excitations, the string action on AdS5 × S5 is given
by [49]
S =
R2
4πα′
∫
dσdτ
[
gMN ∂
aXM ∂aX
N − 2 i ϑ¯ (ρaDa + i2 ǫab ρa Γ∗ ρb)ϑ
]
(4.1)
with
ρa = ∂aX
M EAM ΓA , Da ≡ ∂a + Aa , Aa ≡ 14∂aXM ωABM ΓAB . (4.2)
Here EAM is the Zehnbein, Γ
A are the usual flat ten-dimensional gamma matrices, Γ∗ is
the chirality operator along AdS, ρa is the induced gamma matrices and ω
AB
M is the spin
connection. We first write the metric for the SL(2) spinning string as
ds2 = − cosh2ρ dtˆ2 + dρ2 + dϕˆ2 + sinh2ρ dφˆ2 (4.3)
with tˆ, ρ, φˆ denoting three coordinates inside AdS5 and ϕ3 being an angle on S
5. Tangent
space labels A = 0, 1, 2, 3 will be associated with the coordinates tˆ, ρ, ϕˆ, φˆ respectively. In
terms of such variables, one has Γ∗ ≡ i Γ01345. We introduce the notation Π¯ ≡ Γ45 and
choose our ten-dimensional spinors such that Π¯ = i.
Then, we make the change of coordinates
tˆ→ t− ϕ , ϕˆ→ t , φˆ→ t− ϕ+ 2φ
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in order to bring the metric into a form with gtt = 0 where a BMN like limit (see below)
is well defined3. We take
t = κ τ , X˙M ≡ ∂tXM XM ′ ≡ ∂σXM (4.4)
and consider the limit κ→∞ keeping κ2 X˙M 6=t fixed [31].
We look for superstring excitations satisfying the Virasoro constraints
gMN ∂τX
M∂σX
N − i ϑ¯ (ρσDτ + ρτDσ)ϑ = 0
gMN (∂τX
M∂τX
N + ∂σX
M∂σX
N)− 2 i ϑ¯ (ρτDτ + ρσDσ)ϑ = 0.
They can be used to solve for ϕ in favor of the remaining variables. To leading order
in κ one finds
ϕ′ = −2 sinh2ρ φ′ +O(ϑ2)
ϕ˙ = −2 sinh2ρ φ˙− e
2
2 κ2
+O(ϑ2) (4.5)
with e2 = ρ′2 + sinh22ρ φ
′2. One can easily see that fermionic terms in (4.5) contribute
to the lagrangian either as quartic terms in the fermions or to subleading terms in the
1
κ
-expansion and therefore can be discarded.
Using the first of these equations we can write the bosonic part of the action as
SB = −R
2κ
2πα′
∫
dσdt
(
−ϕ˙− Ct + e
2
2 κ2
)
(4.6)
Now let us consider the fermionic Lagrangian. Evaluating (4.2) one finds
ρ0 = −κ
[
(1− ϕ˙) coshρΓ0 − ρ˙Γ1 − Γ2 −
(
1 + 2 φ˙− ϕ˙
)
sinhρΓ3
]
(4.7)
ρ1 = ϕ
′ coshρ Γ0 + ρ
′ Γ1 + (2φ
′ − ϕ′) sinhρ Γ3
A0 =
κ
2
[
(−1 + ϕ˙) sinhρ Γ01 −
(
1 + 2 φ˙− ϕ˙
)
coshρ Γ13
]
A1 =
1
2
ϕ′ sinhρ Γ01 −
(
φ′ − 1
2
ϕ′
)
coshρ Γ13
In addition, eqs. (4.5) can be used to show that the matrices ρa satisfy the Clifford
algebra
− {ρ0, ρ0} = {ρ1, ρ1} = 2 ∂σXM ∂σXM = 2 e2
{ρ1, ρ0} = 2 ∂σXM ∂τXM = 0 (4.8)
and therefore can be put in the form4
ρ0 = −e Γ0 , ρ1 = e Γ3 , (4.9)
via a spinor rotation ρa → S ρa S−1. The precise form of S and its derivation are given
in Appendix B. In the new basis the fermionic string action reads
SF = i
R2κ
4πα′
∫
dσdt Ψ¯
(
Γ0Dt + 1
κ
Γ3Dσ +
(
1 +
e2
2 k2
)
i Γ1
)
Ψ (4.10)
3We will not need the explicit form of this metric here. Spin connections will be computed using the
starting metric (4.3).
4As it can be seen from the coefficient in front of Γ0 in eq. (4.7), ρ0 gets a negative sign.
8
where
Da = ∂a + Ca Γ0123 ,
with Ca defined as in (3.9). In the derivation of (4.10) the field φ is taken to be on the
mass shell up to order5 1
k2
. This is consistent with the fact that the limit κ→∞ in (4.10)
corresponds to the semiclassical expansion around ~ ∼ 1
κ
→ 0 where fields are put on the
mass shell.
Following [39] we choose our spinor as a four dimensional Majorana spinor:
Ψ =
(
e−it ξ
eit ξ¯
)
Ψ¯ = Ψ† Γ0 ξ =
(
ξ1
ξ2
)
ξ¯ =
(
i ξ∗2
−i ξ∗1
)
.
The factor eit is included, in order to remove the fast mode fermionic oscillations. For the
Gamma matrices we take:
Γ0 =
(
0 σ1
−σ1 0
)
Γ1 =
(
0 i σ2
−i σ2 0
)
Γ2 =
(
0 −i σ3
i σ3 0
)
Γ3 =
(
0 −1
−1 0
)
.
Plugging into (4.10) one finds the fermionic action: :
SF = −R
2κ
2πα′
∫
dσdt
[
i ξ∗1(Dtξ1 +
1
κ
Dσξ2) + i ξ
∗
2(Dtξ2 +
1
κ
Dσξ1)
+
e2
2 κ2
ξ∗1ξ1 − (2 +
e2
2 κ2
) ξ∗2ξ2
]
(4.11)
with covariant derivatives given by (3.9). To leading order in 1
k
the field ξ2 is non-
dynamical and can be solved via its equation of motion in favor ξ1.
ξ2 =
i
2κ
Dσ ξ1.
Plugging into the action one finally finds
SF = −R
2κ
2πα′
∫
dσdt
[
i ξ∗1Dtξ1 +
1
2 κ2
(
Dσξ
∗
1 Dσξ1 + e
2 ξ∗1ξ1)
)]
. (4.12)
One can easily see that the string action S = SB+SF following from (4.6)+(4.12) perfectly
matches the spin chain result (3.8) after the identifications [37]
J =
R2κ
2πα′
λˆ =
R4
8π2α′2
(4.13)
5 Summary of results
In this note we derive a coherent state representation for the integrable spin chain Hamil-
tonian with symmetry group G =SU(1, 1|1). The result can be cast in the remarkably
compact and simple form
〈n|H |n〉 =
L∑
k=1
log
[
1− (~nk+1 − ~nk)2
]
5We believe that this is also the case for the SU(1|2) spin chain considered in [39].
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with ~nk parameterizing a point in the supercoset G/H , H =SU(1|1)×U(1) being the
stabilizer group. The scalar product is defined in terms of the Killing metric on G.
By passing to the continuous limit ∂a~n ≡ (~nk+1 − ~nk)J , we find a spin chain sigma
model describing a string moving on the group manifold G/H . The result can be writ-
ten in a manifestly G-invariant form in terms of the Cartan forms LA and the string
coordinates nA = 〈n| TA |n〉 on the supercoset
S = −
∫
d2σ
[
i 〈n| ∂t |n〉+ λˆ 〈n|H |n〉
]
= −
∫
d2σ
[
iLAτ nA −
λˆ
J2
gAB∂σnA ∂σnA
]
.
Here nA(σ, t) describes the profile of the string evolving in time and gAB denotes the
Killing metric of SU(1, 1|1). The same formula applies to SU(2|3) 6 . In components one
finds
S = −J
∫
dσdt
[
−Ct + i ξDtξ + λˆ
J2
(e2 + D¯σξ Dσξ + ξ ξ e
2)
]
.
The same sigma model was found by considering the Green-Schwarz (GS) action of a
superstring spinning fast on a S1φ × S1ϕ torus inside AdS5 × S5. This establishes a precise
map between coherent states in the SU(1, 1|1) sector and string states and matches their
dynamics.
It is worth to stress that, unlike the GS action, the spin sigma model Lagrangian is
built out of the SU(1, 1|1) invariant Killing metric of the supergroup. The two actions
are related in a highly non-trivial way in the limit J → ∞ where the string becomes
semiclassical and fields come near the mass shell. The analysis here provide us with a
detailed dictionary between the two descriptions. In particular the agreement found here
between the two actions implies a similar match between their classical solutions. It would
be nice to explore the simpler spin chain sigma model description as a possible bottom-up
definition for the study of more general string configurations on AdS5 × S5.
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Appendix
In this appendix we collect the commutation relations and details on the “singleton” rep-
resentations of the superalgebra g = su(1, 1|1). A singleton corresponds to a subsector
of the N = 4 SYM multiplet that closes under g. Here we adopt the oscillator descrip-
tion (see [25] for details). In this formalism, elementary SYM fields (the singleton of
6This can be easily seen for the SU(1|2) case by replacing hyperbolic functions in (2.5,3.14) by their
trigonometric analogs and comparing the resulting action with [39]
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psu(2, 2|4)) are represented by acting on a Fock vacuum |0〉 with bosonic (aα, bα˙) and
fermionic oscillators cA, (α, α˙ = 1, 2, A = 1, . . . 4). Physical states satisfy the condition
C = na − nb + nc = 2 (A.0)
with na, nb, nc denoting the number of oscillators of a given type.
The closed subalgebras of su(2, 2|4) are defined by restricting the range of α, α˙, A.
A su(1, 1|1) algebra
The algebra su(1, 1|1) is built in terms of bilinears of two bosonic (a, b) and one fermionic
(c3) oscillators. The physical vacuum can be taken to be |φ0〉 = c†1c†2|0〉. States (“letters”)
in the singleton representation are given by
|φm〉 = 1
m!
(a†b†)m|φ0〉 ⇔ 1
m!
Dmφ
|λm〉 = 1
m!
(a†b†)m b†c†3|φ0〉 ⇔
1
m!
Dmλ (A.1)
and correspond to a scalar field φ0, a fermion λ0 and their m-derivatives along a fixed
direction. The algebra in this case is non-compact and the reprentations are infinite-
dimensional.
The generators can be written as bilinears in the oscillators
P = a†b†
K = ab
P0 =
1
2
(1 + a†a + b†b)
J0 =
1
2
(1 + a†a− b†b)
Q = a†c3
Q¯ = b†c†3
S = ac†3
S¯ = bc3
.
The charges P0 and J0 give the Cartan of the group. Non vanishing commutation relations
are given by
[K,P ] = 2P0 [S, P ] = Q¯ [K, Q¯] = S
{Q, S} = P0 − J0 [S¯, P ] = Q [K,Q] = S¯
{Q¯, S¯} = P0 + J0 {Q¯, Q} = P {S¯, S} = K
[P0, Q] =
1
2
Q [J0, Q] =
1
2
Q
[P0, K] = −K [P0, Q¯] = 12 Q¯ [J0, Q¯] = −12 Q¯
[P0, P ] = P [P0, S] = −12 S [J0, S] = −12S
[P0, S¯] = −12 S¯ [J0, S¯] = 12 S¯
.
The action of the generators on the states (A.1) is given by
P0 |φm〉 = (m+ 12) |φm〉 P0 |λm〉 = (m+ 1) |λm〉
J0 |φm〉 = 12 |φm〉 J0 |λm〉 = 0
P |φm〉 = (m+ 1) |φm+1〉 P |λm〉 = (m+ 1) |λm+1〉
K |φm〉 = m |φm−1〉 K |λm〉 = (m+ 1) |λm−1〉
Q |φm〉 = 0 Q |λm〉 = (m+ 1) |φm+1〉
S |φm〉 = |λm−1〉 S |λm〉 = 0
Q¯ |φm〉 = |λm〉 Q¯ |λm〉 = 0
S¯ |φm〉 = 0 S¯ |λm〉 = (m+ 1) |φm〉 . (A.2)
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For later convenience we choose the normalization
〈φm|φn〉 = δmn , 〈λm|λn〉 = (m+ 1)δmn , 〈φm|λn〉 = 0 .
SYM operators in the SU(1, 1|1) sector are given by tensor products of J singletons
“words made out of letters”, i.e. we take J copies of the considered oscillators a, b, c and
impose the condition (A.0) at each site. The symmetry algebra is taken to be the diagonal
SU(1, 1|1) algebra
TA =
J∑
k=1
TAk (A.3)
with ~TAk acting on the k
th site.
It is not difficult to verify that the quadratic operator
Cˆ2 = g
AB TATB = P
2
0 − J20 −
1
2
{P,K} − 1
2
[Q, S]− 1
2
[Q¯, S¯] (A.4)
commutes with all generators, i.e. it is a Casimir of the algebra. Therefore, it is propor-
tional to a unit matrix:
Cˆ2 = j (j + 1) I .
The number j labels the irreducible representations of the algebra. In particular, for
j = 0 the Casimir vanishes. The defining representation j = 0 is the so called “singleton
representation” and is generated by acting with the lowering charges on the highest weight
|φ0〉 ≡ c†1c†2|0〉.
All spin j representations arise already in the tensor product of two singletons. The
spin j highest weight state spin j representation can be written as follows:
|j〉k1k2 =
j∑
n=0
(−1)n
(
j
n
)
|φj−n〉k1 ⊗ |φn〉k2 . (A.5)
B Spinor rotations
Here we derive the spinor rotation S and string action in the new spinor basis. These
results are relevant for the analysis of Section 4. S is defined by
Sρ0S
−1 = −eΓ0 Sρ1S−1 = eΓ3
As in [39] we write S as a product of rotations of the type
Sij(p) = e
1
2
p Γij = cos
p
2
+ sin
p
2
Γij
S0i(p) = e
1
2
p Γ0i = cosh
p
2
+ sinh
p
2
Γij .
The spinor rotation can be written as
S = S13(p4)S02(p3)S01(p2)S03(p1) (B.1)
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with
p1 = ρ+ sinh2ρ φ˙ p2 = ρ˙
cosh p3 =
κ
e
+
e
2 κ
cos p4 = sinh2ρ
φ′
e
sinh p3 =
κ
e
sin p4 = −ρ
′
e
. (B.2)
The transformed matrices can be computed with the help of
Sij Γi S
−1
ij = cos pΓi − sin pΓj
Sij Γj S
−1
ij = sin pΓi + cos pΓj
S0i Γ0 S
−1
0i = coshpΓ0 + sinhpΓi (B.3)
S0i Γi S
−1
0i = sinhpΓ0 + coshpΓi .
In the process, we use the Virasoro constraints
ϕ′ + 2 sinh2ρ φ′ = 0 , ϕ˙+ 2 sinh2ρ φ˙ = − e
2
2 κ2
(B.4)
in order to solve for ϕ in favor of φ. We also use the equality given by the cross derivative
condition ∂tϕ
′ = ∂σϕ˙ to solve for ρ
′′.
At intermediate steps, one gets
i
2
ǫab S ρa Γ∗ ρb S
−1 = −κ e
(
1 +
e2
2 κ2
)
Γ1 Π¯
S Aτ S
−1 =
κ2
2 e2
(
ρ˙ ρ′ + 2 sinh22ρ φ˙ φ′
)
(Γ01 − Γ12)
− κ
2
2 e2
sinh2ρ
(
ρ˙ φ′ − 2 φ˙ ρ′
)
(Γ03 + Γ23)
−κ
2
(
1 +
e2
2 κ2
+ 2 cosh2ρ φ˙
)
Γ13
S Aσ S
−1 =
κ
e2
[
cosh2ρ
(
ρ˙ ρ′ + sinh22ρ φ˙ φ′
)
φ′ + 1
2
sinh22ρ φ′2
]
(Γ01 − Γ12)
+
κ
e2
sinh2ρ φ′
[
1
2
ρ′ + cosh2ρ
(
φ˙ ρ′ − ρ˙ φ′
)]
(Γ03 + Γ23)
− cosh2ρ φ′ Γ13 + 1
4 κ
sinh22ρ φ′2 Γ01 +
1
4 κ
sinh2ρ ρ′ φ′ Γ03
(B.5)
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and
S ∂τ S
−1 =
κ2
2 e2
ρ˙ ρ′ (Γ01 − Γ12)− κ
2
2 e2
sinh2ρ ρ˙ φ′ (Γ03 + Γ23)
− κ
2 e2
(
2 cosh2ρ ρ˙ ρ′ φ′ +
(
φ˙′ ρ′ − ρ˙′ φ′
)
sinh2ρ
)
Γ13
+
κ
2 e2
(
ρ˙′ ρ′ + sinh22ρ φ˙′ φ′ + sinh4ρ ρ˙ φ′2
)
Γ02
S ∂σ S
−1 =
1
4 κ
ρ′ (ρ′ Γ01 − sinh2ρ φ′ Γ03)
−κ
2
e2
(
φ˙ ρ′ − ρ˙ φ′
)
sinh2ρ
(
Γ02 + sinh2ρ
φ′
ρ′
Γ13
)
−
(
cosh2ρ φ′ + 1
2
sinh2ρ
φ′′
ρ′
)
Γ13
+
κ
2 e2
(
ρ′2 + 2 cosh2ρ φ˙ ρ′2 + sinh2ρ
(
φ˙′ ρ′ − ρ˙′ φ′
))
(Γ01 − Γ12)
− κ
2 e2
(
ρ˙′ ρ′ + sinh2ρ φ′
(
ρ′ + 2 cosh2ρ φ˙ ρ′ + sinh2ρ φ˙′
))
× (Γ03 + Γ23) (B.6)
Rewriting the action in terms of
ϑ ≡
√
κ
2 e
S−1Ψ , ϑ¯ =
√
κ
2 e
Ψ¯S ,
one finds
SF = i
R2κ
4πα′
∫
dσdτ Ψ¯
[
Γ0
(
∂τ + S Aτ S
−1 + S ∂τ S
−1 +
√
e ∂τ
1√
e
)
+Γ3
(
∂σ + S Aσ S
−1 + S ∂σS
−1 +
√
e ∂σ
1√
e
)
+ k
(
1 +
e2
2 κ2
)
Γ1 Π¯
]
Ψ
= i
R2κ
4πα′
∫
dσdt Ψ¯
[
Γ0
(
∂t +
(
Ct +
1
2
p˙4 + φ˙+
1
2
)
Γ0123
)
+
1
κ
Γ3
(
∂σ +
(
Cσ +
1
2
p′4 + φ
′ +X
)
Γ0123 +X Γ13
)
+
(
1 +
e2
2 κ2
)
i Γ1
]
Ψ
with
X = κ2
ρ˙
ρ′
− 2 cosh2ρ φ′ − sinh2ρ φ
′′
2 ρ′
= 0 +O( 1
κ2
) .
The left hand side here is proportional to the equation of motion for φ that should be
satisfied to order 1
k2
in the semiclassical limit ~ = 1
k
→ 0.
In order to get rid of full derivatives in the connections and obtain (4.10), one can
finally make the following change in the spinors:
Ψ −→ e−12 (t+p4+2φ)Γ0123Ψ .
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